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1. Introduction

Let denote by H(U) the space of all analytical functions in
the unit disc U={z0C :z|<l}, and for aOC, nON",

we denote
Hla,n]={fUH): f(z)=a+a,z"+-}.
Let denote the class of functions
A ={f0H®U): f(z)=z+a,z"" +-,

andlet A=4 .

If f,FUH(U) and F isunivalentin U we say that the
function f is subordinate to F', written f(z)=< F(z), if
f(0)=F(0) and f(U)0O F(U) .

Let @Ar,s;z):C’xU - C and h(z) be univalent inU .

If p(2)
differential subordination:

is analytic in U and satisfies the second order

@Ap(2),2p (2),2°p"(2);2) < h(z) (1.1)

then p(z) isa solution of the differential subordination (1.1).

The univalent function ¢(z) is called a dominant of the

solutions if p(z)<g(z) for all p(z) satisfying (1.1). A

univalent dominant ;] that satisfies Z] < g forall dominants

of (1.1) is called the best dominant (see [13]).

Miller et al. [15] investigated some subordination theorems
involving certain integral operators for analytic functions in
U (see also [3, 16]).

Let X be the class of functions of the form:

f(z)=§+ianz" (mON={L2,...}}), (1.2)

n=l1

which are analytic and univalent in the puncture open unit disc
U”={z : zOC and 0<|z|<1} =U\{0}.

Let mOZ={0,£1,%2,...} £>0,A>0 the
operator L"(A,0)f(z): Z - X (see[6]and[7] with p=1 )
be defined as follows:

L"(A,0f(2) = 1 (2),

and for

m=0

L'(A0) f(z) = éz‘l‘fjﬁﬂ"“(/l,f)f(r)dt

(m=-1,-2,...;z0c¢),
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/] -£ d L+l -
L"A0)f(z) ==z *—(z* (A0 Z)
A0 f(2) 5 (A,0f(2) (1.3)
(m=1,2,...;ZDUD).
Let A4>0,a,c0C, Dbe such that Re(a)>4,

Re(c—a)=0, modified an Erdelyi-Kober type integral
operator (see, [8], Ch. 5), we define IR A by
1

Me=4) )jt“ A= fzt)d;  (1.4)

T - a0

and

—~a,a

Li f(2)=f(2).

Now the operator L} ,(a,c,4): £ - Z is defined by

L (ae, A)f(2) = L"(A0OIT f(2) =15 L (A0 £ (2),
whose series expansion take the form

Ly, (a,c, A) [ (2)

_1, F(c—A)i[li+/l(n+l)T [(a+nA) -
z a-4)4% / [(c+nA)

(mOZ;0>0,A>0;,4>0;a,c0C;

Re(c—a) > 0;Re(a) > A). (1.5)

We note that this new class of operator include in turn
several operators, we may point out here some special cases of
them which can be found in

() L{ (a,a,4)f(z) = P“f(z) (see Aqlan et al. [2], with

p=1)
(i) Lj s(a,a,A) f(2) = B; f(z) (see Lashin [9]).

(iii) L', (a,a,4)f(z)=1(m,0)f(z)(m>0) (see Cho etal.

(4, 5]
(iv) Lj (a,a,A4)f(z) =D} f(z)(m>0) (see Al-Oboudi

and Al-Zkeri [1], with p=1);
) Lf\(a,a,4) f(z) =1" f(z)(m>0) (see Uralegaddi and

Somanatha [18]).
Also, we note that

Ly, (a,a,4)f(2) = L" (A, 0) f (2)

a0 (1.6)
and L), (a,c,A) f(z) =14 [ (2).
From (1.5), it is easy to verify that
2(L; (.0, 4)f (2)
(1.7

= %L’;J}I (a,c,A)f(z)-( +§)L’;J(a,c, A f(z).

and
2L (a,e, A) f(2))

- 1.8
= [_‘l AA j Ly (a+1,c,4)f(2) —%Lﬁ’,{{(a,c, Af(2) o

In this paper, we drive interesting subordination results for
certain subclasses of meromorphic analytic and univalent
functions in the puncture unit disc which are defined here by

means of new linear operator L} ,(a,c, 4) .

2. Preliminaries

To prove our main results, we will need the following
definitions and lemmas presented in this section.

A function L(z;t): UX[0,40) - C is
subordination (or a Loewner) chain if L(G¥) is analytic and
univalent in U for all #20, and L(z;s)< L(z;¢t) when
O<s<t .

The next well-known lemma gives a sufficient condition so
that the L(z;¢) function will be a subordination chain.

Lemma 1. [17, p. 159] Let L(z;t)=a,(t)z +a,(t)z° +...,
with a()#0 for all =20 and lim, ., |a,(¢)|=+w .
Suppose that L(L¥) is analyticin U forall 120, L(z[) is
continuously differentiable on [0,+c0) for all zOU . If
L(z;t) satisfies

called a

Re [ZaL / 0z

>0, zOuU, t20.
oL / 0t

and

|L(Z;t)| < K0|a1(t)|, |z|<r, <1, t=20
for some positive constants K, and 7, , then L(z;t) is a
subordination chain.

We denote by K(@), a <1, the class of convex functions
of order @ in the unitdisk U, i.e.

K(a):{fDA : Re[1+z‘;"((z)}>a, ZDU}

z)

In particular, the class K = K(0) represents the class of

convex (and univalent) functions in the unit disc.
Lemma 2.[11], [13, Theorem 2.3i, p. 35] Suppose that the

function H : C* - C satisfies the condition
Re H(is,t) <0,

forall s,0C with t<—-n(l+s”)/2,where n isapositive

integer. If the function p(z)=1+p, z" +.. isanalyticin U
and
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Re H(p(z),zp'(2)) >0, zOU,

then Rep(z)>0, zOU .

The next result deals with the solutions of the
Briot--Bouquet differential equation, and more general forms
of the following lemma may be found in [12, Theorem 1].

Lemma 3.[12] Let AB,yUC with B#0 and let
hOH(U) , with h(0)=c . If Re[Bh(z)+y]>0, zOU
then the solution of the differential equation

zq'(z)

2 = (2),
Bay+y '

q(z)+

with g(0)=c , is analytic in U and satisfies
Re[Bq(2)+y]1>0, z0U .

Asin [14], let denote by Q the set of functions f thatare

analytic and injective on U\E (f), where
E()={¢ 000 < lim /() =9},

and such that f'({)#0 for {OOUNE(S) .

Lemma 4.[14, Theorem 7] Let ¢UH[al] | Ilet
X :C* - C and set X(g(2).zq'(2) =h(z) . If
L(z;t) = X(q(z),tzq'(z)) is a subordination chain and
pUH[a,1]n Q| then

h(z) < X(p(2),2p'(2)) implies q(z) < p(z).

Furthermore, if X(q(z),zq'(z)) =h(z) has a univalent
solution ¢g0Q ,then ¢ is the best subordinant.

Like in [11] and [13], let QOC, g0Q and n be a
positive integer. Then, the class of admissible functions
W [Q,q] is the class of those functions ¢ : C*xU - C
that satisfy the admissibility condition

Y(r,s,t;z)0Q,
wheneverr =q({), s=m{q'({), Re£+1 > mRe[%ﬂJ ,
z0OU, {OAU\E(q) and m =n . This class will be denoted
by W [Q,q] .
We write W[Q,q] =W [Q,q]. For the special case when
Q#C is a simply connected domain and % is a conformal

mapping of U onto Q , we use the notation
LIJn[h7q]ELPn[QJq] .

Remark 1. If ¢ : C*XU - C, then the above defined
admissibility condition reduces to

Ww(q({),mlq'({);z)0Q,

whenzOU, {0O0U\E(g) and m=n.
Lemma 5.11], [13] Let 4 be univalent in U and

(¥ : C*xU - C. Suppose that the differential equation

W(q(2).2q',2°q"(2);2) = h(2)

has a solution ¢, with ¢(0) =a , and one of the following
conditions is satisfied:

(Hg0Qand ¢ OW[h,q]
(if)q is univalent in U and ¢y OW[h,q,], for some p[J(0,1), where

4q,(z) =q(pz), or
(ifi)q is univalent in U and there exists o, [1(0,1) such that ¢y OW[4,,q,]

for all p0(p,,1), where h,(2) = h(pz) and g ,,(2) = g(p2).

If p(z)=a+az+...0H(U) and
W(p(2),zp',2°p"(2);z) UH(U), then

W(p(2).2p',2° p"(2);2) < h(z) implies p(z) < g(2)

and g is the best dominant.

3. Main Results
Unless otherwise mentioned, we assume throughout this
paper that 0< f<1,mO0Z,0>0,A > 0,% >1,4>0,a,c0C,

Re(c—a) >0 andRe(a)> 4.
We begin by proving the following subordination theorem:
Theorem 1. Let

_ la-A)
(1= A(a-A)+ LAl

be such that Re(d) =1,

#(2)

3.1)

and for a given function g% |

m+ m 3.2
= 2{(1- AL e, g(2) + BL (a +Le, d)g ()}, O
satisfy
Re{l+z¢, (2)} >-p (zOU), (3.3)
$'(2)
where, ©=0 if Re(d)=1 and for Re(d)>1,
Re(91 1<Re(d)<2,
psy © (3.4)
W RG(J) > 2,
and

(Im(9))” < (Re(d) -1- 2p)($ -Re(d)+1).  (3.5)

The equality in (3.4) and (3.5) occur only when Im(J)=0.
If f0OZ such that



10 R. M. El-Ashwah: Certain Class of Meromorphic Univalent Functions Defined by an Erdelyi-Kober Type Integral Operator

2{A-PL a.c. A) f(2) + BL; (a+ 1. 4) [ (2)} < $(2). (3.6)
then

zzL'A'"/(a,c, A f(z)=< ZZLZI)”(CZ,C, A)g(z), 3.7

and the function zzL'j’, ,(a,c,A)g(z) is the best dominant.
Proof. Let

F(2)=2'L; (a,c,A) f(2), G(z)=2"L],(a,c, A)g(2), (3.8)

By hypothesis we first show that the function G(z) is
convex univalent. Let

zG'(2)

g(z)=1+> T (z00U) (3.9)
Using (1.7) and (1.8) for g(z)UZ , we get
p(z)=(1- )G( )+ ZGJ(Z) (3.10)

where O is given by (3.1). Differentiating (3.10), and using
(3.9) we have

6 g1y, 90)
G'(2) o 0

which in differentiating again, and using (3.9) we have

z¢'(2)
9'(2)

From (3.3) and (3.4) we have

zq'(2)
g(z)+3-1

1+ =q(2)+ =h(z) (3.11)

Re[h(z)+5~1]>0

and by using Lemma 3 we conclude that the differential
equation (3.11) has a solution ¢gUOH(U) , with
q(0) =h(0)=1.

Now we will use Lemma 2 to prove that, under our
assumption, the inequality

Reg(z) >0, (z0U), (3.12)
holds. Let us put
H(u,v)=u+——+p (3.13)
’ u+to-1 "’ '

where o0 is given by (3.3). From the assumption (3.1),
according to (3.11), we obtain

ReH(¢(2),2¢'(2) >0 (z00), (3.14)

and we proceed to show that Re H(is,#) <0 for all s,¢0C,
with < —(1+5%)/2 . From (3.13), we have

t
Re H(is,t) =Re| is + +
e H (is,t) e{zs P p}
_Re(@)=Dr ___ E)
lis+o-1 2lis+o-1"
where
E(s) = (Re(9) -1 +5)* —2plis+5-1[,  (3.15)
which on taking Re(d)=1 and ©£=0, give E(s)=0,
and (Re(d)-1)=u , Im(d)=v, we have
E(s)=(u—-2p)s’ —4vps +u—=2pu’ +v*).
If v=0, from (3.3), we get
E(s)=(u —2,0)52 +u(1-2pu)=0.
If vZ£0, from (3.4), we get
E) =@-2p)s -2y
(u—2p)
; (3.16)
+u[l-2p(u + )= 0.
(u—2p)

From condition (3.5). Thus, E(s)20 for all sUR.
Hence, from (3.15) and (3.16), we have ReH(is,t)<0 for
all s,t0R | with t<—(1+s")/2. Form (3.14), according to

Lemma 2, we deduce that the inequality (3.12) holds, hence
GLOK, that is G a convex (and univalent) function in the
unit disc, hence the following well-known growth and
distortion sharp inequalities (see [10]) are true:

Ls|G(z)|sL, if|z|< 7,
1-r

I+r
1
G OO o iz
If we let
Lz =(1- )G()+ )zG() (zOU;t20), (3.17)
from (3.17) we have L(z;0)=¢(z) Denoting
L(z;t)=a,(t)z +... | then
1(t)-m a+Heo=a+5H20 @20, 3.18)
J J
hence lim, , |a,(¢)|=+ , we obtain «,(1)#Z0, r=0.

From (3.17) we may easily deduce the equality

OL/0z ] _ ~ zG'(2)
Re[z 6L/0[} =Re(J) 1+(1+t)Re[l+ G )

Using the inequality (3.12) together with the assumptions
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Re(J) >1, the above relation yields that

Re[z 0L /0z
OL /0t

}>0, Uz0Owo, O =0.

From the definition (3.16), forall t=0 we have

Lz0| _|(6-D)|
la,(0)] T| o+¢ |

|G|+

(+0)f) o
" |2G'(2)|

<|G(2)|+|zG" (z)| ) (1 r)

L (zlgr<Lt20)

S—
(l—r)2

hence the second assumption of Lemma 1 holds, and
according to this lemma we conclude that the function
L(z;t) is a subordination chain.

Now, by using Lemma 5, we will show that F(z) < G(z).
Without loss of generality, we can assume that F and G are

analytic and univalent in U and G'({)£0 for |{|=1.1If

not, then we could replace F with F (z)=F(rz) and G
with G, (z) =G(rz), where r[(0,1). These new functions
will have the desired properties and we would prove our result
using part (iii) of Lemma 5.

With our above assumption, we will use part (i) of the
Lemma 5. If we denote by (¢(G(z),zG'(z)) = @(z), we only
need to show that ¢ OW[¢,G],
function. Because

i.e. (¢ is an admissible

(1)

W(G({),m¢G({) =1~ )G( )+——=2G'(2) = L({;0),

wherem =1+t, t=20, since L(z;t) is a subordination chain
and @(z) = L(z;0), it follows that

W(G({),m¢G'({) T ().

According to the Remark 1 we have ¢ OW[@,G], and
using Lemma 5 we obtain that F(z) < G(z) and, moreover,
G is the best dominant.

In view of (1.6) taking a =c¢ and m =0, respectively, in
Theorem 1 and using identities (1.7) and (1.8), we obtain the

following results.
Corollary 1. Let for g0Z

$.(2)

{(1 ﬂ(l-*i))ﬂ"”(/\ /)g(2)+ﬂ(1-* 4

)L'” A, ”)g(Z)}
satisfy

24, (2)

Re{ i }—p (zOv), (3.19)

where, =0 if Re(d)=1 andfor Re(d)>1, p
by (3.3) and (3.4). If f X such that

is given

{(l -p-S A A0+ p1- LA (A,é)f(z)} <42,

then
2L (A0 f(2)< 2L (A, 0)g(2) (200),
and the function z’L"(A,¢)g(z) is the best dominant.
Corollary 2. Let for g2

“I g +a-pG

b= {(1—@(1—7 “Ayepir g(z)},

satisfy
Re{l +M} >-p (z0U), (3.20)
$,(2)
where, 2=0 if Re(d)=1 and for Re(d)>1, p is

given by (3.3) and (3.4). If f U such that

{(1 A=A )+ - p

)+ B, f(Z)} <$,(2),
then
zziifcf(z) =< zzij’cg(z),

and the function z7%4 g(z) is the best dominant.
Also, if weput f=0 and [=1
we obtain the following results.
Corollary 3. Let f,g %, the operator
by (1.3). Also, let

in Corollaries 1 and 2,

L"(A,0) defined

Re{l +M} >-0, (zOU),
¥, (2)

and

@, =2"L"(A0g(2),

where, 0, =0 if £=1 andfor £>1

(=2 4
- = 1<£<2,
g = A L>2
2(0-1) A ’

then
2L A0 f(2) =< 2L (A, D)g(2)
= 2 L"(A,0)f(2) < 2’ L" (A )g(2),
and the function z’L"(A,¢)g(z) is the best dominant.

Corollary 4. Let f,g0¥, the operator /4 defined by
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(1.4). Also, let

Re[l +ﬂ(ﬂ >-0, (z0OV),

Lz

where, 0, =0 if Re($)=2 andfor Re($)>2,

Re(4)-2

; 2 <Re(%) <3,
g,<y . (3.21)

{m Rel) >3,

and

aY a 1 a
Im(—) | £(Re(—)—-2-20 -Re(—)+2). (3.22
(m(}j (Re() gy TREC)TD. (3.2)

The equality in (3.21) and (3.22) occur only when
Im(J) =0. then

z’ }‘;ch(z) <z }:H’Cg(z) = ZZ?A’Cf(Z) < Zzii’cg(z),

and the function z°7% g(z) is the best dominant.

Next, we will give an interesting special case of our main
results, obtained for an appropriate choice of the function g .

Thus, let consider the function g% defined by
g(z)=z"+ Zanz” , (z O UD) ,
n=0

with

1 p 4 Y
2 (1 +(n+D[(1 —ﬁ)(?) +ﬁ(a—_A)]] .

‘ " T(a-A) [(c+nd)[-2(p+)) 50
+An+1)) Te-A)T(a+nA) n+1 )

a =

n

where p is given by (3.3), and

[r] _I(=D..(T-n+]) (rOC, nON).

n n!

If the function ¢ is defined by (3.2), then

_1=(l+z)

2p+1 , (ZDU),

#(z)

where the power is the principal one, i.e.

(+2)% =1,

z=0

A simple computation shows that

Re[l N z¢"(z)} _ el TP *D):

o o >-p, (z0Ov),

and from Theorem 1, we obtain:
Example 1. Let o be given by (3.3). If f X such that

2{(1-B)L; (@.c. ) f(2)+ BL; (a+1,c, A) f(2)}
L=+
2p0+1

>

then

2L} (a,c, A)f(2)
=1 A 4 Y (2P ..
<Z+;m(1+(’1+1)[(1‘,3)(7j+,3(m)]] [ ntl ]Z ,

and the right-hand side function is the best dominant.
Also, let consider the function g[Z defined by

g(z)=z" +ianz", (z DUD),

n=0

with
1 e 4 )
an——n+2(1+(n+1)[(l ﬁ)(szrﬁ(_a—A)]j .

‘ "T(a=A) M(c+nd)(-2(p+1) (n20)
L+ An+)) Te-AT(a+nAd)\ n+1 )Y 7

where o is given by (3.3). If the function @, is defined by
(3.19), then

1=(1+2)

2p+1 , (ZDU),

$(2)=

where the power is the principal one, i.e.

(1+2)7™| =1,

z=0

A simple computation shows that

Re{l ) (Z)} =

1(2)

Rel—(2p+1)z
1+z

>-p, (z00),

and from Corollary 1, we obtain:
Example 2. Let £ be given by (3.3). If f X such that

2 {(1—B(l—fﬁ))ﬂ””(/\,f)f(z)+ﬁ(l-§ﬁ)ﬂ” (/Lf)f(Z)}

— -(2p+1)
- 1-(1+2z2)
2p+1

then

2Ly (a,c, A) f(2)

o T(2(p+1
<z ivan-p(4)s st (0]

n=0

and the right-hand side function is the best dominant.
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Finally, let consider the function g[OZ defined by

g(z)=z"+ ianz”, (z DUD),
n=0
with

1

a =
" on+2

(1+(n+1)[(1—/3)(%j+/3(ﬁ)]] .

( ‘ ]mF(a—A)F(c+nA)(—2(,0+1)]’(nZO)’
L+A(m+1)) T(c—A)T(a+tnd)| n+l

where p is given by (3.3), and

T:TU_D”U_"+D(1DCnDN)
n n! ’ ’ '

If the function @, is defined by (3.20), then

$,(2) :M’ (z

Ou),
20+1

where the power is the principal one, i.e.

(1+2)Co| =1,

z=0

A simple computation shows that

Re{l + Z¢2 (2)} =Re
¢2 (2)

1-Qp+1)z
1+z

>-p, (z0U),

and from Corollary 2, we obtain:
Example 3. Let o be given by (3.3). If f X such that

2 {(1 -py-Aes

f A
1-(1+z)"
20+1

)5 f(2)+10 —ﬂ)(%%)w]fj “”’”f(z)}

then

2L (a,c,4) f(2)

® (p+l
<Z+Zn%2[l+(n+D[<1—ﬂ)(§)+ﬂ(£nj [ (p+ )Jz"”,

n=0 n+l

and the right-hand side function is the best dominant.
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